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Abstract 
 
This paper proposes an optimum design method that satisfies the desired orientation workspace at the boundary of the translation 

workspace while maximizing the mechanism isotropy for parallel manipulators. A simple genetic algorithm is used to obtain the optimal 
linkage parameters of a six-degree-of-freedom parallel manipulator that can be used as a haptic device. The objective function is com-
posed of a desired spherical shape translation workspace and a desired orientation workspace located on the boundaries of the desired 
translation workspace, along with a global conditioning index based on a homogeneous Jacobian matrix. The objective function was 
optimized to satisfy the desired orientation workspace at the boundary positions as translated from a neutral position of the increased-
entropy mechanism. An optimization result with desired translation and orientation workspaces for a haptic device was obtained to show 
the effectiveness of the suggested scheme, and the kinematic performances of the proposed model were compared with those of a pre-
existing base model. 
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1. Introduction 

Parallel manipulators offer several advantages over serial 
manipulators: higher stiffness, smaller link masses, large pay-
loads, and higher accuracy. These advantages have prompted 
the development of many parallel manipulators with different 
mechanism configurations [1-3]. Some drawbacks also exist: a 
small workspace, different kinematic characteristics for each 
axis, singularities inside the workspace, and others. For these 
reasons, many researchers have attempted to discover new 
techniques that can increase the size of the workspace while 
maximizing the isotropy of the mechanism and avoiding the 
internal singularities [4-7]. Tsai and Huang proposed a method 
for designing an isotropic six-DOF parallel manipulator de-
veloped from an isotropy generator, consisting of six straight 
lines satisfying the isotropy conditions [8]. They used the de-
vice to develop an isotropic Stewart–Gough parallel manipu-
lator. Tsai and Zhou proposed isotropic parallel designs with 
an optimum global isotropy using an isotropy generator [9]. 
Gallant and Boudreau presented an optimization scheme for 
planar parallel manipulators with prismatic joints to obtain a 

workspace as close as possible to the prescribed workspace 
and maximize their global dexterity [10]. As a result, singular-
ity-free workspaces in which the singularity loci are located 
outside of the workspace could be created. Monsarrat and 
Gosselin proposed an optimization procedure to maximize the 
volume of a constant-orientation workspace of a parallel ma-
nipulator [11]. Moreover, they developed another volume 
maximization scheme with a new workspace having coupled 
translational and rotational DOFs (z, and the tilt and azimuth 
angles) in a cylindrical system for a motion base application in 
flight simulators. Yoon and Ryu developed a new general-
purpose six-DOF haptic device with parallel manipulators, 
which has a good set of kinematic characteristics such  a 
small moving inertia owing to the base-fixed actuators, a large 
orientation workspace with a RRR spherical joint, no singu-
larities inside the workspace, and  relatively simple forward 
kinematics [12]. 

The size of the workspace and the isotropy are important 
indices of the kinematic performance of parallel manipulators. 
Most research to date has evaluated the performance indices 
of the mechanism at a neutral posture in which the translation 
and orientation workspaces of the end-effector were calculated. 
However, a mechanism with a large orientation workspace 
(OW) at a neutral posture may not have a proportionally large 
OW throughout the three-dimensional (3-D) translation work-
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spaces, due to the complicated multi-linkage mechanism 
structures of parallel manipulators. The orientation workspace 
of most 6-dof parallel manipulators usually decreases rapidly 
in size as the distance from the neutral position increases [12]. 
Thus, it is difficult to apply this parallel manipulators type to a 
haptic device that requires simultaneously large 3-D transla-
tional and rotational motions over the entire workspace. Most 
six-DOF parallel manipulators for applications with both posi-
tioning and orienting motions have these types of difficulties, 
and cannot guarantee good amount of rotational motion 
throughout the prescribed 3-D translation workspace [13].  

In this paper, we propose an optimum design method for 
parallel manipulators that can guarantee the required orienta-
tion workspace throughout the prescribed 3-D translation 
workspace while maximizing the isotropy of the system. The 
proposed method discretizes a prescribed bounding 3-D trans-
lation workspace that can be described approximately by a 
sphere, and then discretizes an orientation workspace repre-
sented in a cylindrical system at each boundary point of the 
discretized prescribed translation workspace. An objective 
function is calculated in the optimization process using a ge-
netic algorithm to satisfy desired translation and orientation 
workspaces and maximize the global conditioning index 
(GCI). An optimum design result for a haptic device was ob-
tained to show the effectiveness of the suggested scheme: it 

was compared with a base model of half the size of the pre-
existing base model described in [12].  

The organization of this paper is as follows. The kinematic 
descriptions and design requirements of the proposed six-DOF 
parallel manipulator are given in Sections 2 and 3, respec-
tively. In Section 4, the optimization problem is formulated 
using a simple genetic algorithm. Optimum design results and 
kinematic performance comparisons with the base model are 
presented in Section 5, and our conclusions and future work 
are summarized in Section 6.  
 

2. Kinematic description of six-DOF parallel manipu-
lator 

The proposed six-DOF haptic device, shown in Fig. 1, is 
similar to the parallel mechanism given in [12] in terms of 
having three pantograph mechanisms that are driven by six 
base-fixed servomotors with three RRR spherical joints at the 
top of the pantograph mechanism, an end-effector, and con-
necting bars. This device provides a good load capacity and 
wide orientation workspace, with no singularities inside the 
workspace.  

The kinematic parameters used to obtain the static charac-
teristics of the mechanism are shown in Fig. 2. The global 
reference frame, denoted by Σb (Xb, Yb, Zb), is located at the 
center of the base plate. The local frames of the end-effector 
and each pantograph are denoted by Σo

, (X o
,, Y o

,, Z o
, ) and Σpi 

(Xpi, Ypi, Zpi), respectively where i = (1, 2, 3). The axisymmet-
ric positions of each pantograph and revolute joint are given 
by the angles δi and γi (I = 0, 2/3 π, 4/3 π) with radii of R0 and 
R1. Each pantograph has two-DOF motion in the Ypi–Zpi plane. 
Even though the spherical joints appear to be located at the top 
of the pantograph mechanisms, the actual centers are located 
at an offset distance of SL (see Fig. 1). In the kinematic analy-
sis, however, the center of the spherical joint was assumed 
simply to be on top of the pantograph mechanism, because the 
offset distance does not affect the results if R0 is replaced by 
R0

 – SL. The upper and lower links of the pantograph and the 

 

 
 
Fig. 1. Proposed six-DOF haptic device. 

 
 
Fig. 2. Kinematic model. 
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connecting bar are denoted by L1, L2, and L3, and the positions 
of the active, spherical, and revolute joints are given by Mi, Qi, 
and Ei, respectively. 

In the inverse kinematics calculations, the active joint an-
gles θ1i and θ2i of each pantograph are obtained for a given 
position and rotation (x, y, z, φ, θ, γ) of the end-effector. The 
Jacobian matrix can be easily derived using the concept of 
reciprocal screws. The mechanism singularity occurs when the 
pantograph mechanisms are either lowered down to the base 
plate plane or are raised vertically, or when all of the connect-
ing bars are perpendicular to the pantograph planes. These 
configurations are outside of the mechanism workspace. More 
details are given in reference [12].  
 

3. Design requirements 

Optimum design of compact haptic devices that can be used 
in complicated and sophisticated applications entails some 
static mechanical requirements: a small size for the low inertia 
requirement in haptic applications, a large workspace for dex-
terous manipulation, and good isotropy for homogeneous 
kinematic quality over the entire workspace. This section de-
scribes the linkage parameters and design variables, the de-
sired discrete translational and orientation workspaces, and the 
global conditioning index (GCI), which are used to specify 
those requirements. 

 
3.1 Linkage parameters and design variables 

The linkage parameters determining the size of the haptic 
device are L1, L2, L3, R0, R1, and SL (see Figs. 1 and 2). The 
RRR-type spherical joint, however, does not permit full rota-
tion, due to the link interference between the connecting link 
L3 and the offset SL, even though it has a large rotation range. 
Therefore, the existing device [12] was developed using SL as 
a design variable to maximize the rotation angle of L3 for a 
large workspace. The parameters of the base model with 
which the proposed optimized models are compared are cho-
sen as half of the parameter values in the existing model 
shown in Table 1 for a more compact size and the same orien-
tation workspace as the base model. The lower and upper link 
lengths (L1 and L2) of the pantograph mechanism are set to the 
same values for simplicity of design. Also, the base radius (R0) 
and mobile radius (R1) are set for the relationship R1 = R0 – SL 
to increase the isotropy of the mechanism [12]. As a result, 
only the three variables L1, L3, and R0 are used as design vari-
ables to calculate the objective function by the genetic algo-
rithm in the optimization process.  

In the following optimization process, we define a neutral 
position as the position of the end-effector center point when 
the actuators are actuated at the middle of the full motion 
ranges. For example, θ1i =30°and θ2i =150° are the middle 
motions for rotary motions in Fig. 3. Note that the neutral 
position P (0, 0, Pz) of the end-effector along the Z axis in Σb 
can be considered a factor for evaluating the compactness of 

the haptic device when the base and the mobile radii are fixed. 
In fact, Pz in Table 1 can be computed as  

 
1 1 2 2 3sin( ) sin( )z i iP L L Lθ θ= + +  (i=1, 2, 3)  (1) 

where 10 90iθ≤ ≤o o and 290 180iθ≤ ≤o o , and 
3 1 2 3zL P L L L≤ ≤ + + .  

 
3.2 Desired discrete translation workspace 

For simplicity of optimum design, a desired translation 
workspace (TW), denoted by Ωr, can be specified by a sphere 
whose center is located at P (0, 0, Pz) in Σb, where the sub-
script r represents the desired radius of the sphere. A spherical 
shape is selected because the shape of the real translation 
workspace of the suggested mechanism in Fig. 1 is roughly 
spherical, rather than cubical as in [12]. If another shape is 
desired, the same design philosophy as will be explained in 
this paper can be used. To implement the genetic algorithm, 
the desired 3-D translation workspace in which the isotropy of 
the mechanism is evaluated is bounded and discretized as 
shown in Fig. 4. It should be noted that the center of the 
sphere that is at the neutral position P (0, 0, Pz) in Σb can also 
be determined according to the change of the design parame-
ters (i.e.; Pz =L1+L3) during the optimization process. Since 
the moving ranges of actuators become the largest at the neu-
tral position, the end-effector of the suggested mechanism has 
wider translation and orientation motion ranges at the neutral 
position than at the boundary position. Therefore, if a real 
workspace of the suggested mechanism includes the boundary 
surface of a desired translation workspace, it can also include 

Table 1. Linkage parameters of existing model [12]. 
 

Values of linkage parameters 

Pz L1 L2 L3 R0 R1 SL 

240 mm 80 mm 80 mm 160 mm 130 mm 100 mm 30 mm
 

∑ '
o

∑b

zP

3L

1L

1L

SL

o301 =iθ

o1502 =iθ

1R

1L

 
 
Fig. 3. Neutral position Pz of end-effector when θ1i = 30° and θ2i = 
150°.
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all positions inside the boundary surface. Only the outer sur-
face of a sphere rather than the inside of a spherical volume, 
therefore, is discretized for the orientation workspace evalua-
tion. This limited discretization can effectively reduce the 
computation load of the optimization process. 
Ωr can be discretized to discrete translation points Bk (Xk, Yk, 

Zk) , where k =1, 2, 3, …, N (N-1)+2, as shown in Fig. 4. The 
number of discretized horizontal points of Ωr is N+1 (i = 1, 2, 
3, …, N+1), while the number of discretized vertical points is 
N (j = 1, 2, 3, …, N ). Thus, the total discretized number Ntot 

=N (N-1)+2. For each discretized point, the inverse kinematics 
problem is solved and the solution is checked against me-
chanical constraints such as design variable constraints and 
range of motions of spherical joint pairs. If the solution is 
inside the limits of the design variables and does not violate 
the mechanical constraints, the discretized point belongs to Ωr. 
This means that the discretized point is inside the real transla-
tion workspace. If all points of Bk are located inside the real 
workspace during the optimization process, the condition for a 
desired translation workspace of spherical shape will be satis-
fied.  

 
3.3 Desired discrete orientation workspace 

The desired orientation workspace (OW) can be specified 
using the projected OW, which is based on the use of a modi-
fied set of Euler angles and a particular representation of the 
rotational workspace in a cylindrical coordinate system [14]. 
The projected OW was defined as the set of possible direc-
tions for the approach vector of the end-effector and the inter-
section of the rotational workspace volume with a plane of 
zero roll angle, as shown in Fig. 5. The projected OW for the 
desired orientation workspace is selected because it shows 
intuitively a tilt angle θ between the tool approach vector and 
the base z-axis at the azimuth angle φ, and it is computation-
ally simple with ψ=0°.  

Thus, the desired orientation workspace can be specified by 
the projected OW min( )θΓ at the boundary surface of a de-
sired translation workspace, where the subscript θmin represents 
the desired minimum tilt angle. Note that the origins of the 
projected OW are located on the spherical surface of the de-
sired translation workspace. If the suggested mechanism satis-
fies the desired orientation workspace at the boundary surface 
of a desired translation workspace, the mechanism can also 
satisfy the desired orientation workspace inside the desired 
translation workspace.  

The desired discrete orientation workspace , min( )l k θΓ  for 
the projected OW can be discretized with respect to the dis-
crete azimuth angle φl at each discrete point Bk (Xk, Yk, Zk) of 
the boundary surface of the desired translation workspace (see 
Fig. 6), where l= 1, 2, 3, …, M+1, within a 0° - 360° range of 
φ. The total number Mtot of discretized angles for 

, min( )l k θΓ is therefore (M + 1) Ntot , where Ntot is a total discre-
tized number of Bk, as explained in Section 3.2. Similarly to 
the case for the translation workspace, the condition for the 
desired orientation workspace can be satisfied by solving the 
inverse kinematics problem. That is, if all of the tilt angles of 

, min( )l k θΓ at the boundary surface of the desired translation 
workspace are larger than θmin during the optimization process, 
a real projected OW will have larger tilt angles than θmin 
throughout the desired translation workspace. 

 
3.4 Global conditioning index with homogenous jacobian 

matrix  

The global conditioning index (GCI) is typically used to 
represent the isotropy of a parallel mechanism. It was intro-
duced by Gosselin and Angeles [15], and represents one of the 
performance indices in the manipulator optimal design proc-
ess that involves a distribution of the condition number over 
the workspace. The condition number is defined as  
 

max

min
c σ

σ
=    (2) 

 
where σmax and σmin represent the maximum and minimum 
singular values of the manipulator Jacobian J. Since the condi-
tion number c can range from 1 to ∞, the index η = 1/c is used 
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Fig. 4. Discretization positions Bk, of spherical surface for translation
workspace Ωr. 

 
Fig. 5. Modified Euler angles [14]. 
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to bound the index between 0 and 1, where a value of unity 
represents a perfectly isotropic matrix. 

However, several researchers have argued that, due to the 
dimensional non-homogeneity of J, the condition number may 
not have any physical or geometrical meaning for a 6-DOF 
manipulator with both translational and rotational motions.  
The use of the characteristic length [16] and the homogeneous 
Jacobain formulation [17] by three end-effector points were 
suggested as a solution to non-homogenous Jacobian matrix 
problems. Recently, Nawratil proved that the characteristic 
length should not be the result of an optimization procedure 
but rather a design constant, which must be predefined. He 
suggested that a geometric interpretation of the characteristic  

length CL can be explained as CL=R 2
3

, where R is the  

radius of the operation sphere that is a part of the end-effector 
[18]. Thus, in this paper, the homogenous Jacobian JH, is de-
fined as 
 

HJ JL= , 
3 3

3
3

I O
L IO

CL

⎡ ⎤
⎢ ⎥=
⎢ ⎥
⎢ ⎥⎣ ⎦

  (3) 

 
where the 3×3 identity matrix I3 and the 3×3 zero matrix O3 
can form the homogenous Jacobain matrices by use of the 
characteristic length.  

After η is obtained at the position Bk for the homogenous 
Jacobian JH, GCI is computed over the discrete translation 
workspace as 
 

GCI= w

w

dw

dw

η∫
∫

, 0 1GCI≤ ≤   (4) 

 
where w represents the discrete translation workspace de-
scribed in Section 3.2. Note that GCI close to unity provides a 
more even feel throughout the translation workspace of a hap-
tic device.  

4. Formulation of optimization problem 

4.1 Application of genetic algorithm 

Most real-world optimization problems are difficult to solve 
because not only are they complicated but also there is no 
sufficient information about the reciprocal relationship be-
tween design variables and a priori knowledge of the optimi-
zation problems. The genetic algorithm is a probability-based 
optimization method that describes genetics and natural evolu-
tion numerically [19, 20]. The method is based on the creation 
and evolution of many individuals that become stronger 
through several generations. For the optimal mechanism de-
sign process, each randomly created individual represents a set 
of mechanism parameters. The strength of these individuals 
(L1, L3, R0) is evaluated using an objective function that is set 
up for the optimization goals of the mechanism. The evolution 
of the individuals is accomplished using genetic operators, 
such as selection, crossover, and mutation, until the method 
converges toward an optimal solution. The method is espe-
cially useful for the proposed model, which has a complicated 
mechanism. Also, it robustly searches for a globally optimized 
solution [21].  

 
4.2 Objective function 

An objective function F (x) can be computed from the syn-
thesis of individuals using the genetic algorithm  
 

F (x) = ,
1 2 3

1

{ }
inn

i inin

tot toti

MnMAX GCI
N M

ϖ ϖ ϖ
=

+ +∑   (5) 

 
where nin and Mi, in are the number of discretized points and 
angles that fall in the desired translation workspace Ωr and the 
desired projected OW min( )θΓ  with respect to discrete point 
Bi (Xi, Yi, Zi) , respectively, and 1 2 3, ,ϖ ϖ ϖ  are the weighting 
factors for each term. It should be noted that Ntot and Mtot are 
the total number of discretized points and angles and that the 
desired projected OW and the GCI will be computed only at 
the discretized points (i=1, 2, …, nin ) of the spherical surface 
that are included in the desired translation workspace. The 
first term in Eq (5) is chosen to satisfy the desired translation 
workspace with a given radius r of the sphere as well as to 
make the translation workspace (TW) as close as possible to a 
spherical shape. If nin equals Ntot, then the real TW includes 
the desired spherical shape. The second term is selected to 
satisfy the desired minimum tilt angle θmin with respect to the 
azimuth angle φ at each boundary point of the desired transla- 

tion workspace. If ,
1

inn

i in
i

M
=
∑  equals Mtot, then the real pro- 

jected OW satisfies the desired OW condition. The third term 
GCI is employed to maximize the isotropy over the translation 
workspace as well as to avoid singularities inside the work-
space. With 1 2 31, 1, 1ϖ ϖ ϖ= = = , all terms in Eq. (5) will 
have equal contributions to the objective function. The sug-
gested multi-objective function will then satisfy the desired 

minθ

minθ

minθ

minθ

r

'oX 'oY
'oZ

∑ 'o

lϕ

lϕ

lϕ

lϕ

)( min, θklΓ )Z,Y,X(B kkkk

 
Fig. 6. Desired discrete orientation workspace , min( )l k θΓ  at each
discrete translation points Bk (Xk, Yk, Zk). 
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orientation workspace at the boundary surface of the desired 
translation workspace, and will maximize the isotropy inside 
the translation workspace through the optimization process, as 
shown in Fig. 7. Through the optimization, the desired transla-
tion workspace Ωr with the prescribed sphere of radius r will 
be located inside a real translation workspace and the desired 
orientation workspace will make a real projected OW include 
the prescribed tilt angle θmin throughout the desired translation 
workspace; also, the shapes of two workspaces will become 
more regular by increasing the GCI.  

 
4.3 Constraints on design variables  

The objective function in Eq. (5) is computed only within 
the design variable constraints that can be obtained by analyz-
ing the expected motion in advance. To ensure that we obtain 
the optimal solution for Eq. (5) in the imposed solution space, 
not only the range of the linkage lengths but also the initial 
posture and the singularity configuration of the mechanism 
must be considered. Since the parameters L1, L3, and R0 are 
selected as design variables, all of the other parameters are 
selected as constraints: L2 = L1, SL = 15, R1 = R0 – SL, and Pz 

by L1 and L3 at θ1i = 30º and θ2i = 150º. Accordingly, the de-
sign variable constraints for the system boundary are 
 

( ) ( ){ | }L Ux x x xΛ = ≤ ≤   (6) 
 
where x (L) is the lower limiting vector and x (U) is the upper 
limiting vector for x = (L1, L3, R0). Each limiting vector range 
is shown in Table 2. We set xinit to the base model value vector, 
and set x (L) and x (U) to ±60% of the base model value vec-
tors. If the desired translation and orientation workspaces and 
the GCI are not satisfied through the optimization process, 
then x (U) can be extended as  
 

( ) (1 )U
init bx x W= +   (7) 

 
where Wb is the constraint range gain. Thus, Wb is initially set 
to 0.6. 

In order to avoid singularities in the workspace, analytical 
singularity equations can be utilized as nonlinear constraints 
as in [11]. However, these singularity constraints are not con-
sidered in the proposed mechanism design since the mecha-
nism has no singularities inside the workspace. Note that the 
GCI can also be used to prevent the mechanism from being 
close to singular configurations.  

 
4.4. Encoding of parameters 

The genetic operators and the robustness are performed in 
two spaces of coding based on the binary string and the solu-
tion, which is based on parameters. To represent points in the 
search space, each range of feasible region for the constraints 
is transformed to a natural parameter, called a string or chro-
mosome, in the coding space, as shown in Table 2. Fig. 8 
shows the procedure that transforms constraint x from the 
vector of binary string s into the vector of chromosome length 
l. The constraint xi is obtained from the range of feasible re-

 
 
Fig. 7. Flowchart of optimization process. 

Table 2. Range of constraints with Wb=0.6. 
 

Variables 

L1 L3 R0 

xinit x (U) x (L) xinit x (U) x (L) xinit x (U) x (L)

40 mm 64 mm 16 mm 80 mm 128 mm 32 mm 65 mm 104 mm 26 mm
 
 

x1 x2 x3 

48 96 78 

 

s1 S2 s3 

110000 1100000 1001110 

 
l1 l2 l3 

6 7 7 
 
Fig. 8. Binary encoding of s and chromosome length l for real vector x.
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gion Λ in Eq. (6), the binary string si is calculated through 
the binary encoding of xi, and subsequently, the chromosome 
length li is obtained with the following equation: 

 
li ≥ log2 [ (|xi

 (U)|-|xi
 (L)|)10di +1] (i = 1~3)  (8) 

 
where the resolution of the digit for each parameter is di = 
(0,0,0). From Eq. (8), the total length of chromosome l be-
comes 20-bits. 

The initial population has to be generated in order to per-
form the simulated evolution through the genetic operators. 
The population takes on he role of integral memory while 
evolving individuals. The population, denoted by Pa (k), in the 
k-th generation is defined as a set of individuals for the num-
ber of N: 
 

Pa (k) = [s1 (k), s2 (k), … , sNP (k)],  (9) 
 
where si (k) is a point in search-space as the i-th chromosome 
and NP (>1) is the population size. The initial population Pa 
(0) is generated by the random initialization method. This 
method initializes the chromosome as a binary constant, of 
which the number of Nl is generated by the random number 
generator. If the number of individuals in a population (NP), 
Maximum number generations, Probability of crossover (Pc), 
and Probability of mutation (Pm) are 100, 50, 0.85, and 0.05, 
respectively, the total bit number becomes 100*20 = 2000. In 
addition, the number of chromosomes generated by crossover 
is PcNP = 0.85*100 = 85, and the number of bits generated by 
the mutation at each generation is PmNPl = 0.05*100*20 = 100. 
 

5. Optimum design results 

5.1 Optimum results with suggested scheme 

In this section, optimum design results are obtained using 
the suggested optimization process. For optimization, the ra-
dius r of a sphere for a desired translation workspace and the 
minimum tilt angle θmin for a desired orientation workspace 
should be initially determined. For the translation workspace, 
we aim to design a compact haptic device like PHANTOM® 
Omni ™, a commercialized haptic device of compact size, the 
success of which has been proven by its high demand in the 
market as a device that complies with design standards deter-
mining suitability for optimization. However, if the desired 
radius for a desired TW is set over 30mm, the size of the de-
signed mechanism become larger than the PHANTOM® 
Omni™ in height (about 200mm). Thus, the desired radius r is 
set to 30mm and the desired minimum tilt angle θmin is set to 
45°, as a haptic device might need a large OW while satisfy-
ing TW. It should be noted that the maximum tilt angle of the 
base model was about 45° at the neutral position [12].  

For discretization of the workspaces, N and M are set to 10 
and 361, respectively. These values result in 92 discrete points 
for the desired TW and a step angle of 1° for the desired OW. 
Table 3 shows the parameters used for the genetic algorithm. 

Based on the desired workspaces, the L1, L3, and R0 parameter 
values with Pz were obtained through the suggested optimiza-
tion scheme. Since the optimized parameters had a lower GCI 
than that of the base model with Wb =0.6 in Eq. (7), the upper 
ranges of the design variables were extended so as to have a 
larger GCI, by increasing the gain Wb to 1.5, as shown in Fig. 
(9).  

Real projected OWs are given at the weakest point of orien-
tation on the boundary positions of Ωr to show that a real pro-
jected OW can satisfy a desired minimum tilt angle even in 
the worst case. The weakest point on the boundary surface of 
Ωr can be defined as the point that has the smallest minimum 
tilt angle of the real projected OW. Fig. 10 shows the weakest 
points of orientation among the boundary positions in Σo

, after 
optimization with N=10, 30Ω , min 45θ = o , and 

Table 3. Parameters used for genetic algorithm. 
 

Parameters 

Number of individuals in population 50 

Maximum number of generations 300 

Probability of crossover 0.80 

Probability of mutation 0.01 
 

5.1=bW

6.0=bW

 
 
Fig. 9. GCI with respect to upper ranges of design variables. 
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Fig. 10. Weakest points of orientation among boundary positions in Σo

, 

by optimization with N=10, 30Ω , and min 45θ = o . 
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1 2 31, 1, 1wϖ ϖ= = = . It should be noted that the weakest point 
is not unique, but is located around the top of the sphere sur-
face. This phenomenon can occur, because the upper part of 
the real TW is closer to a spherical shape than the lower part 
of the real TW, which will be shown in Section 5.2. 

In order to demonstrate the role of each term in Eq (5), three 
cases of optimization are studied: (a) the optimization of GCI 
with respect to a desired TW ( 1 2 31, 0, 1wϖ ϖ= = = ), (b) the 
optimization of a desired OW with respect to a desired TW 
without the optimization of GCI ( 1 2 31, 1, 0wϖ ϖ= = = ), (c) 

the optimization of a desired OW and GCI with respect to a 
desired TW ( 1 2 31, 1, 1wϖ ϖ= = = ). For each case, Fig. 11 
shows the projected orientation workspace (OW) of the end-
effector at the boundary point B (-9.3, 0, 28.5) in the Σo

, of Ω30, 
which is one of the weakest points. Fig. 11(a) shows that the 
minimum tilt angle of the projected OW at the boundary posi-
tion of Ω30 in the case of (a) ( 1 2 31, 0, 1wϖ ϖ= = = ) is below 
27°, which says that the desired orientation workspace cannot 
be achieved at the boundary position of the desired translation 
workspace. The designed parameters are: L1=96, L3=92.2, 
R0=156, and GCI=0.197. Fig. 11(b) shows that even though 
the minimum tilt angle of the real projected OW at the bound-
ary position of Ω30 in the case of (b) ( 1 2 31, 1, 0wϖ ϖ= = = ) 
satisfies the desired minimum tilt angle (over 45°), the work-
space shape becomes relatively irregular as a result of a low 
GCI value. The designed parameters are: L1=84.6, L3=105.8, 
R0=42.7, and GCI=0.033. On the other hand, Fig.11 (c) shows 
that the projected OW in the case of (c) ( 1 2 31, 1, 1wϖ ϖ= = = ) 
can satisfy the desired minimum tilt angle and has a relatively 
regular workspace shape with a higher GCI value. The de-
signed parameters are: L1=96, L3=99.1, R0 =100.8, and 
GCI=0.120. In the case of (c), Fig. 12 shows that the size of 
the projected OW at the neutral position is larger than at the 
inside position or at the boundary position of the desired TW. 

Based on the optimum results of the suggested scheme, the 
following conclusions can be obtained: (1) the desired orienta-
tion workspace at the boundary positions of the desired trans-
lation workspace can be guaranteed with the specified θmin, (2) 
the GCI value decreases with the increase in the desired trans-
lation and orientation workspaces, and vice versa, (3) the 
shape of the projected orientation workspace becomes more 
irregular as the GCI value becomes smaller, (4) if a desired 
TW and OW and GCI cannot be achieved by optimization, 
they can be achieved by increasing the constraints range of the 
design variables, as discussed in Section 4.3, which will also 
increase the size of a mechanism. Table 4 shows the perform-
ance tendency of the designed mechanism for the translational 
workspace (TW), the orientation workspace (OW), the global 
conditioning index (GCI), and the neutral height (Pz) with 

Table 4. Performance trends with respect to parameters. 
 

Index＼Parameter R0 L1=L2 L3 

OW↑ ↓ ↑ ↓ 

TW↑ const ↑ ↑ 

GCI↑ ↑ ↓ ↓ 

Pz↑ const ↑ ↑ 
 

 
Fig. 11. Projected OWs at each boundary position B (-9.3, 0, 28.5) in 
Σo

, with 30Ω  and min 45θ = o : (a) 1 2 31, 0, 1ϖ ϖ ϖ= = =  (b)
1 2 31, 1, 0ϖ ϖ ϖ= = =  (c) 1 2 31, 1, 1ϖ ϖ ϖ= = = . 

 

 
 
Fig. 12. Projected OWs at different locations inside desired TW with 

min 45θ = o & 30Ω : (a) neutral position B (0, 0, 0) of 30Ω in Σo
, (b) 

inside position B (-4.6, 0, 14.3) of 30Ω  in Σo
, (c) boundary position B

(-9.3, 0, 28.5) of 30Ω  in Σo
,. 

Table 5. Parameters optimized by genetic algorithm. 
 

Type r (mm) minθ (o) Wb Pz (mm) L1 (mm) L3 (mm) R0 (mm)

Base    120 40 80 65 

Optimized 30 45 1.5 195.1 96 99.1 100.8

 
Table 6. Performance indices for optimized parameters with minθ =
45o & 30r =  (mm). 
 

Γ GCI
Ω 

P Bk Type
± X 

(mm)
± Y 

(mm)
+Z 

(mm)
-Z 

(mm) 
 Γmax 

(o) 
 Γmin 

(o) 
 Γmax 

(o) 
Γmin 
(o)

At 
Ω30

Base 75 80 40 47 50 39 17 13 0.066
Opti-
mized 93 107 96 107 69 62 51 45 0.120
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respect to the design variables L1, L3, and R0 values.  
 

5.2 Kinematic performance comparisons  

In a comparison of the performance results before and after 
the optimization, the values chosen for the parameters L1, L3, 
and R0 along with the values Pz are shown in Table 5 (see Fig. 
1 for the optimized model and the manufactured device).  

Table 6 lists the performance indices for the base and the 
proposed optimized models. To compare the relative isotropy 
for each case, the GCI was evaluated for Ω30. xΓ  is defined 
as the tilt angle for the projected OW, where the subscript 
indicates the maximum tilt angle. In that case, Γmax and Γmin 

represent the minimum and maximum tilt values, respectively. 
Fig. 13 shows the volumes of the translation workspaces be-
tween the base and the proposed models. The size of a real 
translation workspace was determined at each neutral position 
P (0, 0, Pz) of the end-effector. The ranges of the three transla-
tional directions were ±75, ±80, 40, and –47 mm for the base 
model and ±93, ±107, 96, and –107 mm for the proposed 
model along the ±X, ±Y, Z, and –Z axes, respectively, in Σb. To 
compare the difference between the volumes, the workspace 
ratio for each axis X, Y, and Z, denoted by v, were 24, 34, and 
133% where, for example, vZ = [|±Z| (b) – |±Z| (a))/|±Z| (a)] × 
100%. Here, the subscripts a and b represent the smaller and 
larger of the two workspaces, respectively, and Z represents 
the corresponding axis for the workspace. The proposed 

model was much better than the base model with respect to 
the Z axis direction, which makes the shape of the translation 
workspace closer to spherical.  

Fig. 14 shows the base and proposed orientation work-
spaces in cylindrical coordinates at each neutral position P of 
the end-effector. The ranges of the projected orientation work-
spaces were 39 50B≤ Γ ≤o o  and 62 69P≤ Γ ≤o o , where ΓB 
and ΓP are the tilt angles of the base and proposed models, 
respectively. The workspace ratio was e = 59%, where 
v = { [ ( ΓP,min–ΓB,min)]/ (ΓB,min)} × 100%. Fig. 15 shows the 
base and proposed orientation workspaces at each B in Σo

,: 
each range was 13 17B≤ Γ ≤o o  and 45 51P≤ Γ ≤o o , and the 
workspace ratio was v = 246%. The orientation workspace 
volume on the boundary of the translational workspace in the 
proposed model was much larger than that of the base model. 
The GCI of the optimized model was 82% larger than the GCI 
of the base model.  

Consequently, according to the GCI and the range of the 
translational and rotational motions, all of the kinematic per-
formance indices of the proposed model were much better 
than those of the base model, even though it was about 63% 
larger in size. However, it should be noted that even though 
the base model was half the size of the original haptic device 
[12], the final size of the optimized mechanism was only 80% 
larger than the original device, given the three-times-increased 
OW. Since a haptic device, in order to perform its sophisti-
cated work, requires both desired translation and orientation 

 
(a) 

 

 
(b) 

 
Fig. 13. Comparison of translational workspaces at each neutral posi-
tion of end-effector: (a) P (0, 0, 120), (b) P (0, 0, 191.5) in Σb. 

     
                   (a) Base model                      (b) Proposed model 
 

  
(c) Base/proposed models 

 
Fig. 14. Comparison of rotational workspaces in cylindrical coordi-
nates and projected rotational workspaces at each neutral position: (a) 
P (0, 0, 120), (b) P (0, 0, 191.5). 
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workspaces and good isotropic characteristics, the proposed 
model is more efficient than the base model in terms of satis-
fying both workspaces and having more regular workspace 
shapes with a larger GCI.  
 

6. Conclusions 

When designing mechanisms for haptic devices, one should 
take into account the translation and orientation workspaces 
required for the various tasks, the isotropy required for the 
quality of the work, the singularities of the mechanism to pro-
vide easy control, and the compactness of the mechanism for 
effective utilization. Since these design variables have recip-
rocal relationships with each other, it is important to combine 
and manipulate them. Principally, parallel manipulators suffer 
from small workspaces, in particular the orientation work-
space. This makes the application of parallel manipulators to 
haptic devices problematic. From this point of a view, we 
presented an optimal design scheme for a six-DOF parallel 
manipulator that required both 3-D translation and orientation 
workspaces as well as isotropy for a haptic device application. 

In the optimization process, an objective function was de-
signed for three kinematic performance indices: the translation 
workspace, the orientation workspace at the boundary posi-
tions of the desired translation workspace, and the GCI. The 
function was maximized using a genetic algorithm, and the 
optimal performance indices were synthesized together to 
obtain the design linkage parameters. By discretizing a trans-
lation workspace with a desired spherical surface at a neutral 
position and by discretizing a projected orientation workspace 
with a desired minimum tilt angle with respect to the azimuth 
angle at each boundary position of the desired discrete transla-
tion workspace, the optimized mechanism was made to satisfy 
the specified orientation workspace, even at the boundary 
surface of the desired translational workspace. Therefore, the 
proposed haptic device with an optimized parallel manipulator 
guaranteed the required orientation workspace throughout the 
prescribed 3-D translational workspace. The relative size of 
the device could be determined from the Z coordinate of its 
neutral position, which could be calculated from the optimized 
design parameters. The performances of all of the kinematic 
parameters of the optimized model were improved compared 
with those of the existing base model, except for the size. Af-
ter optimization, the projected orientation workspace was 
increased by about 60% at its neutral position, and about 
threefold at its translated position, compared with the pro-
jected OW of the base model. The translation workspace of 
the Z axis was 140% larger in the proposed model and was 
closer to a spherical shape, and had an 80%-increased GCI. It 
should be noted that, as shown in Table 7, the real translation 
workspace (186mm (x axis), 214mm (y axis), 203mm (z 
axis)) for the designed mechanism is larger than that (160mm 
(x axis), 120mm (y axis), 70 mm (z axis)) of the 
PHANTOM® Omni™, though the difference is slight. The 
workspaces and sizes of the commercialized 6-DOF Delta 
Haptic Device with parallel structures from Force Dimension 
Corporation are comparable to those of the suggested device. 
The suggested device achieved an especially large orientation 
workspace compared with that of the DELTA device. (Other 
kinematic comparisons among similar parallel manipulators 
had been performed in a previous paper [12].) The proposed 
haptic device based on this optimized mechanism, therefore, 
will allow a user to safely perform virtual assembly tasks with 
both translational and rotational motions within the specified 
workspaces. In future work, dynamic parameters for mecha-
nism optimization, such as inertia, mass, and friction will be 
considered.  
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Table 7. Workspace and size comparisons for different haptic devices.
 

TW 
Type 

X (mm) Z (mm) 
OW (˚ ) Height (mm) Width (mm)

Suggested 200 200 69 195 230 

Delta 360 300 20 600 700 

Omni 160 70  200 203 

 

 
                (a) Base model                           (b) Proposed model 
 

  
(c) Base/proposed models 

 
Fig. 15. Comparison of rotational workspaces in cylindrical coordi-
nates and projected rotational workspaces at each boundary position B
(-9.3, 0, 28.5) translated from neutral position. 
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Nomenclature------------------------------------------------------------------------ 

Σb (Xb, Yb, Zb) :  Global reference frame 
Σo

, (X o
,, Y o

,, Z o
, ) : Local frames of  end-effector  

Σpi (Xpi, Ypi, Zpi) : Local frames of each pantograph 
R0 and R1 : Radius of  base and  end-effector,  
  respectively  
δi  :  Axisymmetric positions of each  
  pantograph with radii of R0 
γi  :  Axisymmetric positions of each  
  pantograph and revolute joint with radii of  
  R1 
SL  : Offset distance between  original centers  
  and actual centers of  spherical joints 
L1 : Upper links of  pantograph 
L2 : Lower links of  pantograph 
L3 : Connecting bars 
Mi : Positions of  active joints 
Qi : Positions of  revolute joints 
Ei : Positions of  revolute joints 
θ1i and θ2i  : Active joint angles of each pantograph 
x, y, z, φ, θ, γ : Given position and rotation of  
  end-effector 
P (0, 0, Pz)  : Neutral position  of  end-effector along   
  Z axis in Σb 
Ωr : Sphere whose center is located at P (0, 0,  
  Pz) in Σb, where  subscript indicates   
  desired radius of  sphere 
Bk (Xk, Yk, Zk)  : Discrete translation points 

)( minθΓ  : Projected orientation workspace (OW),  
  where  subscript θmin  indicates  desired  
  minimum tilt angle 

xΓ  : Tilt angle for  projected OW 
σmax and σmin : Maximum and minimum singular values  
  of manipulator Jacobian J 
c  :  Condition number  

η  : Index that is inversely  proportional to   
  condition number  
CL  : Characteristic  length for geometric  
  interpretation  
R  : Radius of  operation sphere 
nin  : Number of discretized points that fall in   
  desired translation workspace Ωr with  
  respect to discrete point Bi (Xi, Yi, Zi) 
Mi, in : Number of discretized angles that fall  in   
  desired projected OW )( minθΓ  with  
  respect to discrete point Bi (Xi, Yi, Zi) 

321 ,, ϖϖϖ  : Weighting factors for optimization 
Ntot and Mtot  : Total number of discretized points and  
  angles, respectively 
N  : Integer for total discretized number  
  Ntot =N(N-1)+2 

Λ : Design variable constraints for  system  
  boundary 
x(L)  and x(U)  : Lower and upper limiting vector  for  
  x = (L1, L3, R0), respectively 
xinit  : Initial design vector value 
Wb   : Constraint range gain 
v   : Workspace ratio for each axis  
s  : Vector of binary string  
l  : Vector of chromosome length  
Pa(k) : Population  in k-th generation 
NP  : Population size 
Pc   : Probability of crossover 
Pm   : Probability of mutation 
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